We consider finite-sheeted covering maps from 2-dimensional compact connected abelian groups to Klein bottle weak solenoidal spaces, metric continua which are not groups. We show that whenever a group covers a Klein bottle weak solenoidal space it covers groups as well, moreover it covers the product of two solenoids. The converse is not true, we give an example of group which covers groups with any finite number of sheets, but does not cover any Klein bottle weak solenoidal space.
Introduction and the main result
In his paper [10] M.C. McCord introduced a notion of (weak) solenoidal space. A (weak) solenoidal space is the limit space of an inverse sequence, where each term is a connected, locally pathwise connected, semilocally 1-connected space and each bonding map is a (covering map) regular covering map. Recall that each compact connected 2-dimensional abelian group X is a solenoidal space obtained as the limit of an inverse sequence, where each term is 2-torus T 2 and each bonding map is a covering homomorphism. That is why such groups are called toroidal groups for short. A Klein bottle weak solenoidal space is the limit of an inverse sequence, where each term is Klein bottle K and each bonding map is a covering map from K to K . In his paper [11] C. Tezer introduced and studied Klein bottle weak solenoidal spaces Σ(p, q, r), where p = (p i ), q = (q i ), r = (r i ) are sequences of integers, p i = 0 and r i odd for each i. Recently, finite-sheeted covering maps over toroidal groups X were studied [2] . It turned out that finite-sheeted covering maps over X were determined using finite-index torsion free supergroups of the Pontryagin dual X [3] . Moreover, using finite index subgroups of X there were also presented finite-sheeted covering maps from X to other compact connected groups. The main step in the investigation was the reduction to the case of finite-sheeted covering homomorphisms f : X → X between two toroidal groups. Since T 2 is a covering space for Klein bottle K , the next step of the investigation was to study finite-sheeted covering maps over Klein bottle weak solenoidal spaces Σ(p, q, r) (see [9] ). If a toroidal group X admits a finite-sheeted covering map, then a total space is a toroidal group X , generally non-homeomorphic to X . If a Klein bottle weak solenoidal space Σ(p, q, r) admits a finite-sheeted covering map, then a total space is a toroidal group X or a Klein bottle weak solenoidal space Σ(p , q , r ) homeomorphic to Σ(p, q, r).
In this note we consider the following questions:
• Is every toroidal group X a covering space over some Klein bottle weak solenoidal space Σ(p, q, r) ? • If a toroidal group X covers groups, does it cover Klein bottle weak solenoidal spaces?
• If a toroidal group X covers Klein bottle weak solenoidal spaces, does it cover groups?
We answer first two questions in the negative (see Theorem 21, Corollary 22) and the third one in the positive (see Theorem 4, Corollary 5). Moreover, we give an example of a toroidal group X , which admits an s-sheeted covering map f : X → X to groups for each s ∈ N, but which does not cover any Klein bottle weak solenoidal space Σ(p, q, r) (see Theorem 23, Corollary 24). It turned out that the key object in this investigation was the product Σ(p) × Σ(r) of two solenoids Σ(p) and Σ(r), where at least one of the sequences p and r consists of odd integers.
Covering maps from groups to Σ(p, q, r)
The Klein bottle K can be presented as the quotient manifold R 2 G, where the group G = σ , ρ | σρ = ρσ −1 acts properly discontinuously on R 2 by the affine transformations σ , ρ : 
, it follows that the quotient manifold R 2 H is the 2-torus T 2 . Let x 0 ∈ T 2 be the image
, which is a 2-sheeted covering map, so-called "basic" 2-sheeted covering map of T 2 over K .
Each endomorphism of G is of the form h
where p, q, r ∈ Z and r is odd whenever p = 0. 
Let p = (p i ), q = (q i ) and r = (r i ) be sequences of integers such that p i = 0 and r i odd for each i. The inverse limit of an inverse sequence {K i , f ii+1 , N}, where each K i = K and each bonding map Let Π denote the set of prime numbers and let v = (v i ) be a sequence of integers. The prime profile of v is a function
We say that sequences v and v have the same prime profile if ξ v and ξ v differ in at most finitely many arguments and the difference is at most finite. 
X is a toroidal group and the homeomorphisms τ i induce a pointed home-
Since ψ ii+1# is represented by the integral matrix Let f : X → Σ(p, q, r) be a double covering map, where X is a toroidal group. Choose x ∈ f −1 ({ * }). According to [8, Theorem 6] f admits a pointed ANR-pull-back expansion, i.e. there is i 0 ∈ N and a pointed map f * =
is a double sheeted pointed covering map with a connected total space and pointed maps
Since H is the only commutative subgroup of index 2 of G for each i i 0 there is a pointed homeomorphism φ i : 
Theorem 4. Let X be a toroidal group and let f : (X, x) → (Σ(p, q, r), * ) be a pointed map. f is a covering map if and only if f = hg where g : (X, x) → (Σ(p) × Σ(r), * ) is a covering map between toroidal groups and h
According to [8, Theorem 6] , f admits a pointed ANR-pull-back expansion, i.e. there exist i 0 ∈ N and a pointed map f * =
is an s-sheeted covering map with a connected total space and pointed maps
where 
form pull-back diagrams for each i i 0 . According to [6, Lemma 7] it is sufficient to prove that ϕ ii+1 induces a bijection between the fibers over y ∈ T 2 and over y = ψ ii+1 (y) ∈ T 2 . Since the fibers are of the same finite cardinality, it is sufficient to prove that ϕ ii+1 induces injection between the fibers. Let
. According to [8, Theorem 6] g is a covering map and 1, q, p) as well.
,
and isomorphisms represented by matrices F i induce a homeomorphism from X to S 
Proposition 11. Let X be a group obtained by integral matrices
M i = p λ i α i 0 p μ i , p, λ i , μ i ∈ N. Then X is homeomorphic to Σ p × Σ p .
If p is odd, X admits an s-sheeted covering map over Σ(p, q, p) for each even s, which is relatively prime with p.
Proof. First we show that X is homeomorphic to Σ p × Σ p . Let ϕ(1) = 1 and
. By induction, for each i ∈ N, we will define integral matrices
and an integer ϕ(i + 1) such that ϕ(i + 1) > ϕ(i),
We get
and the inductive step is done. Note that all u n and v n are positive integers. Let Y be a toroidal group obtained by matrices
. Y is homeomorphic to Σ p × Σ p . By the construction each diagram is commutative and groups X and Y are homeomorphic by Lemma 7. Accordingly X is homeomorphic to Σ p × Σ p . Since Σ p × Σ p n-covers Σ p × Σ p for each n ∈ N which is relatively prime with p, we get the desired conclusion. 2
Groups considered in Propositions 8, 9 and 11 satisfy conditions of the next, more general theorem. 
A toroidal group X admits a finite-sheeted covering map over Σ(p, q, r) if and only if X is homeomorphic to Σ(p) × Σ(r).
Proof. Assume that a toroidal group X admits an s-sheeted covering map over Σ(p, q, r). Then X admits an In the sequel we will give an example of group which is not homeomorphic to the product of two solenoids, but covers Klein bottle weak solenoidal spaces.
Proposition 14. Let X be a group obtained by integral matrices
Lemma 15. Let x, y ∈ N {1} be relatively prime integers, α ∈ Z, and let (n i ) be a sequence in N.
Proof. Assume the contrary, i.e. there is a sequence (ε i ) of integers such that α
(a) and (b) imply αx n i − xδ i = α y n i − yδ i and
(c)
The integers x and y are relatively prime, which implies x 
each i, which contradicts Lemma 15.
Conversely, if either (1) or (2) or (3) is fulfilled, the conclusion follows from Propositions 11, 8, 9 and 14. 2
Let X be a toroidal group obtained by integral matrices 
for each i i 0 .
A sequence d ac : {i ∈ N:
for each i i 0 . (ii) ⇒ (iii). By (ii) there is an 
Lemma 17. Let X be a toroidal group obtained by integral matrices
Appendix A] and [3, §3] ). 
(iii) ⇒ (i). By (iii) there is an

If r is odd, X covers Σ(p, q, r). If p is odd, X covers Σ(r, q, p).
Proof. If either p = 1 or r = 1 or (p − r) | α, X is homeomorphic to Σ p × Σ r and the conclusion is obtained. Assume p, r 2 and (p − r) α. Then |p − r| 2 and without loss of generality we may assume 0 < α < |p − r|. We distinct two cases.
Let r be odd. Since p − r and p are relatively prime and pα ≡ rα (mod(p − r) 
Groups which cover only groups
In Section 2 it is shown that whenever a toroidal group X covers Klein bottle weak solenoidal spaces, it covers groups as well. Here we will give an example of groups which cover groups but do not cover any Klein bottle weak solenoidal space. 
